ABSTRACT. W. Ruppert has studied, and given examples of, compact left topological groups for which the left translation flow (Aa, G) is equicontinuous. Recently, we considered an analogous distal condition that applies to the groups of dynamical type; for these the topological centre is dense, so the translation flow is equicontinuous only in the trivial case when G is topological. In the present paper, we continue this work, exhibiting new characterizations of equicontinuity and distality of (Aa, G); we also discuss examples and study some related matters.
For a compact left topological group G, the minimality of the left translation flow (Av, G) is obvious; in fact, one might find it a little surprising that (Av, G) is not always distal. Perhaps more surprising is that (., G) can be equicontinuous (for non-topological G). W. Ruppert [16] studied this last case, and along with other interesting results and examples, his paper includes the conclusion that the topological centre re(G) := {s e G t ts, G -, G, is continuous} is closed in G for this situation. Since compact left topological groups coming from distal flows are characterized by having dense topological centres, they cannot yield equicontinuous (c, G) (except in the "trivial" situation, where G is a topological group); however, for compact left topological groups in general (including those with dense topological centres), we determined in [11] that distality of (Av, G) is an interesting property to consider, and found criteria for it analogous to criteria of Ruppert for equicontinuity. In the present paper, we find new criteria for distality and equicontinuity of (v, G) in terms of an analysis of (:(G). The well-developed theory of function spaces on semitopological semigroups [6,4,14,5, for example] does not apply directly to G, because G is not semitopological. However, we prove that the containment C(G) C .AT(Gd) is equivalent to to equicontinuity of (, G), and have an analogous conclusion in the distal situation (Theorem 3). We have yet another criterion for equicontinuity in terms of translation operators on C(G) (Theorem 8), and we study C(G)CI .AT(Gd)in the setting where the translation flow is not equicontinuous, connecting this subalgebra to the structure theorem for compact groups with one-sided continuity and dense topological centre (Theorem 6).
PRELIMINARIES.
A flow (S, X) consists of a compact Hausdorff space X and a group S with identity e acting on it on the left (as in [15] Ap of Gd associated with them (which we view as the spectra of 9(Gd) and J[P(Gd), respectively) are the universal compact right topological group compactification and the universal compact topological group compactification of Gd, respectively. See [5] for more details on these matters.
DISTALITY AND EQUICONTINUITY OF THE LEFT TRANSLATION FLOW (AG, G).
The results we want to present now involve a compact group with one-sided continuity and its translation flow, whose enveloping semigroup may have one-sided continuity only on the other side. Clearly, the only difference made by starting with continuity on one side, rather than on the other, is in the notation. Accordingly, we start in the setting where the notation feels the most faxniliar, with a compact left topological group (as did Ruppert [16] ). For such a group G, the left translation flow (AG, G) is always minimal, since GS G for all s G G. Similarly, C(G) C vZAf(Gd), because of the following easy consequence of the continuity of left multiplication: if f G C(G) and l(Gd) has the topology p of pointwise convergence on G, then the function s Rf, G --l(Gd), maps G continuously onto the right orbit RGf of f, which is therefore p-closed. Note that right translates of members of C(G) need not be continuous. The compact left topological group G T T x T, with multiplication (h',w')(h,w)=(h'Lw, h,w'w), is not distal [11] (i.e., has flow (ha, G) that is not distal), but (,a, (7) is of course minimal, as shown above. We are unable to identify the enveloping semigroup AG-C G G beyond saying that it is probably a fairly complicated subsemigroup of X x x T, where X := T'. However, the group G T x {+l}, as in Example 7.2 below, also is not distal [11] ; in this case, we are able to identify AG-C G G as a "six-circle" semigroup, which we believe has interesting applications. (AG-is a more elaborate version of the "three-circle" semigroup in [3] .) The next theorem shows that we can sometimes place C(G) in a subalgebra of l(Gd) that is milch smaller than A4ZA/'(Gd). Another condition equivalent to equicontinuity and way of arriving at the compact topological group AG-C GG, when G is equicontinuous (i.e., when (AG, G) is equicontinuous), axe discussed below; see Example 4(b) and Theorem 8. the intersection of all a-closed a-neighbourhoods in G of e. The next step in the proof of the structure theorem is to restrict G's topology a to L and to get L as the intersection of all a-closed a-neighbourhoods in L1 of e; however, since every a-neighbourhood (in G or in L of e contains a set A ((Y), 1) C L which is dense in L1 (as indicated above), this intersection must be just L again. So the induction process of the proof of the structure theorem has terminated at L and does not get down to {e}, even though G does have the required system of subgroups.
Since the structure theorem holds for every group that is a closed subgroup of a compact right topological group G' with dense topological centre A(G') [12] , one must wonder if G Tx {,, 1 can be embedded as a closed subgroup of such a G. However, this is not the case; in fact,
G cannot be embedded in any compact right topological group G for which the proof of the structure theorem "works", i.e., produces a system of subgroups {L for G as in Theorem 2.
For, if G is a subgroup of such a G , the proof of the structure theorem must also "work" for G (i.e., produce a system of subgroups for G as in Theorem 2); this is because of the observation [15; p. 197] that the a-topology of G is weaker than the a-topology of G.
It is noteworthy that the restriction of the a-topology of G to L1 T x 1 is not the same as the a-topology of L1 (call it al), which is defined using the map l1: ( [12] ). Again A('G) is not dense in G, since it equals {e}, but G does not have a system of subgroups, as in the conclusion of the structure theorem. Nonetheless, G does have Haar measure, which obviously is not uniquely determined by left invariance. This group also cannot be embedded in a compact right topological group G with A(G) dense in G " 4. THE COMPACT TOPOLOGICAL GROUP FROM C(G)n AP(Ga).
Theorem 3 tells us that C(G) C D(Gd) if and only if G is distal and C(G) C A:P(Gd) if and only if G is equicontinuous. What can be said about C(G)f D(Gd) when G is not distal, and about C(G)NAP(G,t) when G is not equicontinuous? At the end of Example 7.2, we make our only comment about C(G) Z)(Gd) (when it not equal to C(G)); we have more to say about C(G) AT'(G,), and for this topic we prefer again to work with compact right topological groups, for which the notation feels more familiar. So, G denotes a compact right topological group for the rest of this section. PROOF. First let us show that, for f -, the pointwise closure Rf-C .T" is norm-compact.
For, if R,.f g l(Gd) pointwise on G, then each R,of is continuous and the convergence of {R..f} to g must be uniform, since f AT'(G); so g .Y'. Thus R, restricted to .T', is an "almost periodic group of operators", and the desired conclusion follows from the work of de Leeuw and Glicksberg [6] (or see [5; especially chapter 6]).
We remind the reader that, when A(G) is dense in G, the proof of the structure theorem gives the first subgroup L (of the conclusion of the theorem) as N(G), the smallest kernel of a continuous homomorphism of G into a compact topological group [15] ; in particular, G/L is a compact topological group. PROOF. We identify the last two sets of functions [15] , and claim that .
GILa is a compact topological group and the homomorphism s sL, G G/L, is continuous. To get the reverse containment, we note first that, if s s in the proof of the last lemma, the limit flnction 9 equals Rsf at all points of A(G), a dense s,,bset of G; since both 9 2. It is of interest to look at .T C(G) fl .A'P(Gd) for a group G that is not distal and for which A(G) is not dense. Let G be the semidirect product {+l} T with multiplication Give G the topology r for which a typical basic neighbourhood of (1, e ') or (-1, e'b), where a < b, is A := {(1, e'"),(-1, e')} U {(e,e') e +1, a < 0 < b}; Our final theorem clarifies the relationship of the antiisomorphism mentioned at the end of Example 4(b) to Theorem 3(ii). This is done in the context of compact right toplogical Then (s)/ # s for some s E G, and there is an f e 0( (7) ACKNOWLEDGEMENT. This work was supported in part by NSERC grant A7857.
